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Abstract

In mathematics, the Fundamental Theorem of Directly Similar Figures (FTDSF) states that the lines
joining two corresponding vertices of similar polygons are divided into equal ratios, then the resulting
polygons (which we called the “Constructed Polygon™) from these lines are directly similar to the 2
polygons (which we called the “Original Polygon”). Comparably, the Finsler-Hadwiger theorem states
that a square (which we called the “Constructed Polygon”) can be derived from any two squares (which
we called the “Original Polygon”) that share a common vertex, by linking the midpoints of the
corresponding vertices.

In this project, we came up with the idea of combining the concept of FTDSF and Finsler-Hadwiger
theorem, to create more similar figures by using the midpoints of lines that are connected to its
corresponding vertices, and the midpoints of lines made by connecting a vertex to all the other vertices
of the other polygon.

We used trigonometry to find the ratio of the length of the Constructed Polygon’s sides to the length of
the Original Polygon’s sides, and derived a general formula for this relationship.

We then explored into a different type of case scenario of which the Original Polygons do not share a
common vertex, and are apart from each other.

We found out that
(1) Number of constructed polygons is equal to 3n and the length ratio of the congruent constructed

polygon to the original polygon is %

(2) The ratio of the length of the Constructed Polygon’s sides to the length of the Original Polygon’s
sides, and derived a general formula for this relationship, which is

] 1 r—1
Corz— ||sin| =8+ ——m
2 n

where ryx representing the ratio, x representing the number of constructed polygon, n
representing number of sides of the polygon, while & representing the angle between the two
sides of the original polygons at their common vertex.

Paya LePaya Lebar Methodist Girls’ School (Secondary) i




Singapore Mathematics Project Festival 2019

Acknowledgement

The students involved in this report and project thank the school for this opportunity to conduct a
research on the Fundamental Theorem of Directly Similar Figures and the Finsler-Hadwiger
theorem.

They would like to express their gratitude to the project supervisor, Ms Kok Lai Fong for her
guidance in the course of preparing this project.

Paya LePaya Lebar Methodist Girls’ School (Secondary) iii




Singapore Mathematics Project Festival 2019

Table of Contents
Page

ABSTRACT i
ACKNOWLEDGEMENT iii
TABLE OF CONTENTS iv
CHAPTER 1: Introduction
1.1 Obijectives 1
1.2 Problem 1
1.3 Background Information 1
CHAPTER 2: Literature Review
2.1 Overview 2
2.2 Fundamental Theorem of Directly Similar Figures 2
2.3 Finsler-Hadwiger Theorem 2
CHAPTER 3: Methodology
3.1 Overview 4
3.2 Possible Constructed Polygons 4
3.3 Length Ratio of Congruent Constructed Polygons to the Original Polygons 6
3.4 Length Ratio of Constructed Polygons that are not Congruent to the Original

Polygons 8
CHAPTER 4: Conclusion
4.1 Conclusion 19
Reference 20

Paya LePaya Lebar Methodist Girls’ School (Secondary) iv




Singapore Mathematics Project Festival 2019

Chapter 1: Introduction
1.1 Objectives

In this project, we use different polygons and link different vertices between the Original Polygons to
obtain multiple Constructed Polygons in different manners. We want to find out the relationship of the
length ratio between the original polygon and the constructed similar polygon.

1.2 Problem

The Fundamental Theorem of Directly Similar Figures only stops at linking two polygons’
corresponding vertices to derive a congruent Constructed Polygon. Also, the Finsler—Hadwiger theorem
is limited to only a Constructed Square being derived from two Original Squares that share a common
vertex. In this project, we use different polygons and link different vertices between the Original
Polygons to obtain different Constructed Polygons in different manners.

1.3 Background Information

Paul Finsler, a German and Swiss mathematician, is known for his thesis work concerning
differential geometry, Finsler spaces, and his contribution to the foundations of mathematics. Hugo
Hadwiger, a Swiss mathematician, is known for his contribution to geometry, combinatorics, and
cryptography. Together, they co-create the Finsler-Hadwiger inequality and Finsler-Hadwiger
theorem.
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Chapter 2: Literature Review

2.1 Overview

Our proposed problem involves two theorems, namely the Fundamental Theorem of Directly
Similar Figures and Finsler-Hadwiger Theorem, which are part of our literature review.

2.2 Fundamental Theorem of Directly Similar Figures

The Fundamental Theorem of Directly Similar Figures says the lines joining two corresponding
vertices of similar polygons are divided into equal ratios, then the resulting polygons from these
lines are directly similar to the 2 polygons.

Figure 2.2

For example, in Figure 2.2 polygon ABCDE and polygon FGHIJ are similar where point A
corresponds to point F, point B to point G, point C to point H, point D to point I, point E to point J.
Hence, when the lines joining two corresponding vertices are divided into equal ratios, which in
this case is 1 to 1, the resulting polygon KLMNO is similar to polygon ABCDE and polygon FGHIJ.

2.3 Finsler-Hadwiger Theorem

The Finsler-Hadwiger Theorem states that a square can be derived from two squares that share a
vertex. The new square will have the centre of square 1, centre of square 2, and the midpoints of
the linking segments as its vertices.
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From Figure 2.3, two squares, square ABCD and square AEGF share a common vertex which is A.
Hence, using the Finsler-Hadwiger Theorem, a square can be derived from the two squares. The
vertices of the new square is centre J, midpoint of BE is H, centre K and midpoint of DF is I. The
new square is square KHJI.

Figure 2.3

The Fundamental Theorem of Directly Similar Figures states that the resulting lines from the
points that are divided into equal ratios will form a similar polygon.

Square ABCD and square AEGF are the parent squares. Using the same ratio of 1 : 1 for all the
corresponding sides - AG, BE, CA, AF - the points taken using the ratio 1 : 1 will be point K, H,
J, L.

By the Fundamental Theorem of Directly Similar Figures, points KHJI when are joint by lines,
will form a similar square to its parents, square ABCD and square AEGF.
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Chapter 3: Methodology

3.1 Overview

We are going to construct possible similar polygons that are derived from two congruent regular
polygons which share a common vertex by applying the Fundamental Theorem of Directly Similar
Figures and the Finsler-Hadwiger Theorem. After that, we are going to research more on the relation
between the Constructed Polygons and the Original Polygon. For illustration purposes we are using
pentagon, however our explanation will refer to n-sided polygon instead of the illustrated pentagon,
unless otherwise stated.

3.2 Possible Constructed Polygons

Possible constructed polygon that are similar to original regular polygon can be constructed when
all the vertices of one of the original polygon correspond to only one vertex of the other polygon.

(R O
(R &0

Figure 3.2 (1)

In Figure 3.2 (1) all of the vertices of the polygon on the right correspond to one of the vertices of
the polygon on the left. By taking the midpoint of the lines that connect the vertices of the
polygon on the right to one of the vertices of the polygon on the left, a similar polygon can be
constructed. In Figure 3.2 (1) the constructed polygons are represented by the red polygons. Since
each n-sided polygon has n number of vertices, the number of possible polygons that can be
constructed using this method is n.
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Figure 3.2 (2)

In Figure 3.2 (2) all of the vertices of the polygon on the left correspond to one of the vertices of
the polygon on the right. In Figure 3.2 (2) the constructed polygons are represented by the blue
polygons. Since each n-sided polygon has n number of vertices, the number of possible polygons
that can be constructed using this method is n.

Figure 3.2 (3)

In Figure 3.2 (3) each vertex of one polygon correspond to each vertices of the other polygon.
Since each vertex have n number of possible vertices to correspond with for n-sided polygon, the
number of possible polygons that can be constructed using this method is n.

From Figure 3.2 (1), Figure 3.2 (2), and Figure 3.2 (3) total number of possible constructed
polygonisn+n+n=23n.
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3.3 Length Ratio of Congruent Constructed Polygons to the Original Polygons

There are 3n number of possible constructed polygons and upon further research, there are total of
2n number of polygons that are congruent to each other.

7 70
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Figure 3.3 (1)
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The constructed polygons in the Figure 3.3 (1) are example of constructed polygons are congruent.
The proof of them being congruent to each other is the length ratio of the congruent constructed
polygon to the original polygons.

To take one example of congruent constructed polygons,

D

v
3 B F G
Figure 3.3 (2)
The congruent constructed polygons are polygons with vertices that lie on the midpoint of lines
connecting every vertex of one polygon to only one vertex of the other polygon. In the figure above,
the child pentagon’s vertices are the midpoint of line IA, IB, IC, ID, and IE.

Using Triangle Midpoint Theorem,
The line segment connecting the midpoints of two sides of a triangle is parallel to the third side
and is congruent to one half of the third side.

Since M is the midpoint of IB and L is the midpoint of IC,
LM // CB

LM = 1cB

2
~ LM:CB =1:2

Since the 2n number of polygons would have the same length ratio of 1 to 2 with the length of the

original polygons and they are similar, they are congruent to each other.
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3.4 Length Ratio of Constructed Polygons that are not Congruent to the
Original Polygons
Since 2n number of constructed polygons are congruent to each other, n number of constructed

polygons are not congruent to any other constructed polygons. To derive the length ratio of
constructed polygons that are not congruent, we are using pentagons as examples.

E 1

C B 7B F G
Figure 3.4 (1)

The blue pentagon in Figure 3.4 (1) depicts the first constructed polygon that are not congruent.
From here onwards we are referring the constructed polygons that are not congruent as polyi, polyz,
polys, ..., polyn. In Figure 3.4 (1) poly: is represented by the blue pentagon.

For the polys, the vertices of the pentagon is the midpoint of line AF, AB, IC, DH, and EG. Ifa
perpendicular line is extended from point A to the midpoint of the line BF, T, the line AT will
bisect KL, the side of the polyi, and BF.

“AAOL is similar to AATF,

OL AL
TF AF
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" L is the midpoint of AF,

.~ AT bisects ~BAF,

LTAF = %H

. ZATF is aright angle,
i f g Y 2E
“T\2" )T AF

. (1 2

TF = AFsin 59 e (2)

Sub equation (2) to (1),

oL 1
AFsin (%H) 2
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B AF'sin (%9)
==

OL

. KL =20L

B ’VAFsi; (%9)]

KL =AFsin (%9)

Therefore, length ratio of the sides of poly: to the sides of the original

polygon is sin G 9)

C Z} a F G
Figure 3.4 (2)

The blue pentagon in Figure 3.4 (2) depicts the second constructed polygon that are not congruent.
In Figure 3.4 (1) poly: is represented by the blue pentagon.

For the poly., the vertices of the pentagon is the midpoint of line ID, AC, BF, AG, and EH.
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As X is the midpoint of AG, and AF = FG,

FX1AG
As T is the midpoint of BF, and AB = AF,

AT 1BF

Hence,
LATF = ZAXF = %

(angles in the same segment)

LATX = ZAFX

<AFG is one interior angle of a pentagon.

- LAFG = T)ﬂ (int angles of polygon)

(5—2
3
= -7
5

3
T — 5T
2

= -7

5

S LFAG =

(base angles of isosceles triangle)

Using trigonometry,
AX
AF
AX (3)

AF:m .....................

=sin ZAFX

Using the sine rule on 4ATF,
AX XT

sin ZAFX  sin(ZTAF + ZFAX)
AX XT

sin ZAFX sin (%9 + %'Ir) 4)

Sub (3) into (4)
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XT
sin (%9 + %ﬂ')

XT . (l 1 )
—sin| -0+ -7

= AF

AF 2" ' 5

Therefore, length ratio of the sides of poly to the sides of the original polygon is

. (1 1
sin (59 + E”)'

D

C - B T -F i ke
Figure 3.4 (3)

The green pentagon in Figure 3.4 (3) depicts the third constructed polygon that are not congruent.
In Figure 3.4 (3) polys is represented by the green pentagon.

For the polys, the vertices of the pentagon is the midpoint of line IE, AD, FC, BG, and AH.

As Y is the midpoint of AH and Al = IH,

IY1AH
As Z is the midpoint of El and AE = All,

AZ1IFE

m

L LAZI = LAY] = o
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L ZY A= /ZIA (angles in same segment)
Z AT H is one interior angle of pentagon

5_ 2
AT = B =7
3
=gﬂ'
_ 3
S JTAH =" _ %:rr

As AZBIIE and ATEBF while Z is the midpoint of IE and T is the midpoint of BF,
points T, A, Z are collinear.

L ATH = ZTAF (int angles of polygon)
/ZAH =7n — /TAH (supplementary angles)

ZTAH = %9 + LIAF — /TAH

B lg—l— 3 1
— 2 TE T

1 2 1. 2
— 8+ — e 2 2

2 5 5'“' /ZAH == (29+57r)

Using trigonometry,
ZA
in/ZIA=—
51N . A7
Z
Al = —
sin/ZfA (5)

Using the sine rule on 4AZI,

Z1 B Al B ZA
sin /ZAI  sinZAZI  sinZZIA

13
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ZA zY

sin/ZIA  sinZZAH ... . (6)
Sub (5) into (6)
VA%
Al

sin ZZAH
ZY 1 9

=sin|lm— [ =0+ -7

Al 2" ' 5
ZY 1 2

—s8n| =@ + -7

Al 2" "5

Therefore, length ratio of the sides of polys to the sides of the original polygon is

, 1 2
sin (50 + En).

i)
~

C B T T G
Figure 3.4 (4)

The red pentagon in Figure 3.4 (4) depicts the fourth constructed polygon that are not congruent.
In Figure 3.4 (4) polys is represented by the red pentagon.

For the polya, the vertices of the pentagon is the midpoint of line Al, AE, DF, CG and BH.
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As Q is the midpoint of Al,

1
Then AASQ is similar to 4API,
5Q  AQ

PI Al
5Q 1Al
PI Al
SQ 1

P2 (7)

..AAPI is a right-angled triangle,
Pl

in ZPAl = —
sin 17

Alsin /PAI =PI ... ... (8)
Sub (8) to (7)
SO 1

Alsin ZPAI 2
Alsin ZPAI

SQ = 5
Alsin /PAI
280 = 2 [ 51112 ]
RO = Alsin /PAT

RQ .

Since P, A, and T are collinear

L PAl = m— éTAI(supplementary angles)
/PAI =7 — (LTAF + ZIAF)

15
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1 3
SPAl =7 — | =60+ —
T 5 —|—5‘JT
R 1 3
A—?:sin T — §9+g?r
R 1 3
A—? =sin| g+ 5w

Therefore, length ratio of the sides of polys to the sides of the original polygon is

] 1 3
sin (50 + En).

Figure 3.4 (5)

The red pentagon in Figure 3.4 (5) depicts the fifth constructed polygon that are not congruent. In
Figure 3.4 (5) polys is represented by the red pentagon.

For the polys, the vertices of the pentagon is the midpoint of line BI, CH, DG, EF and point A.

-.AB = Al
AABI is an isosceles triangle

Y g )

5 (int angles of polygon)
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3
/FAI = =7

/BAI = ABI%F +/FAI
/BAI =0+ 5T

T— (0+ 3x
ZAIB — ( 9 )
1 % 3(bas,e angles of isosceles triangle)
JAIB— —m— -0 — —
Since U is the midpoint of Bl and AB = Al
AU @ BI

Thus, AAIU is a right-angled triangle
: . {1 1
sin ZAIU = sin (g?r — 9)

9
in SAFL ] ! 19
gin —sgin |lw—| =m— =
5 2
] . 1 1
sin ZAIU = sin 'Jr—I—EH—g?r
1 4
sin ZAIU = sin (Eﬂ + gﬂ'
AlJ
in A = —
sin Vi
AU_, 19 4
A7 SRt T T

Therefore, length ratio of the sides of polys to the sides of the original polygon is

. (1 4
sin (EB + En).
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Using the example of a pentagon,
The ratio of the length of non-congruent child’s side to the length of parent’s side is
(represented by ry, 12, 13, ..., )

For polyy, ri=sin G 9)

For poly;, r.=sin (%9 + %n

For polys, rs=sin (%9 +-r

2
5
3

For polys, ri=sin (%9 tom

For polys, rs=sin (%9 + %n

From the derived formula above, if a general formula is to be made, the general formula of the
ratio is

S— e e

] 1 T —1
ST —|lsin| =@+ —m
2 n

where ry representing the ratio, x representing the number of constructed polygon, and n
representing number of sides of the polygon.

Paya LePaya Lebar Methodist Girls’ School (Secondary) 18




Singapore Mathematics Project Festival 2019

Chapter 4: Conclusion
4.1 Conclusion

In mathematics, the Fundamental Theorem of Directly Similar Figures states that the lines joining two
corresponding vertices of similar polygons are divided into equal ratios, then the resulting polygons
(which we called the “Constructed Polygon™) from these lines are directly similar to the 2 polygons
(which we called the “Original Polygon”). Comparably, the Finsler-Hadwiger theorem states that a
square (which we called the “Constructed Polygon”) can be derived from any two squares (which we
called the “Original Polygon”) that share a common vertex, by linking the midpoints of the
corresponding vertices.

In this project, we came up with the idea of combining the concept of Fundamental Theorem of Directly
Similar Figures and Finsler-Hadwiger theorem, to create more similar figures by using the midpoints of
lines that are connected to its corresponding vertices, and the midpoints of lines made by connecting a
vertex to all the other vertices of the other polygon.

We found out a few facts, including:
Number of constructed polygons is equal to 3n and the length ratio of the congruent constructed

polygon to the original polygon is%

We used trigonometry to find the ratio of the length of the Constructed Polygon’s sides to the length of
the Original Polygon’s sides, and derived a general formula for this relationship, which is
] 1 r—1
ST — ||sin| =8+ ——m
2 i)

where Iy representing the ratio, x representing the number of constructed polygon, n representing
number of sides of the polygon, while & representing the angle between the two sides of the original
polygons at their common vertex.
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